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Abstract. We apply the interacting parametrized post-Friedmann (IPPF) method to a cou-
pled dark energy model where the interaction is proportional to dark matter density at back-
ground level. In doing so, we perform a Markov Chain Monte-Carlo analysis which combines
several cosmological probes including the cosmic microwave background (WMAP9+Planck)
data, baryon acoustic oscillation (BAO) measurements, JLA sample of supernovae, Hubble
constant (HST), and redshift-space distortion (RSD) measurements through the fσ8(z) data
points. The joint observational analysis of Planck + WP + JLA + BAO + HST + RSD data
leads to a coupling parameter, ξc = 0.00140+0.00079−0.00080 at 1σ level for vanishing momentum
transfer potential; this value is reduced a when the momentum transfer potential is switched
on, giving ξc = 0.00136+0.00080−0.00073 at 1σ level. The CMB power spectrum shows up a correlation
between the coupling parameter ξc and the position of acoustic peaks or their amplitudes.
The first peak’s height increases when ξc takes larger values and its position is shifted. We
also obtain the matter power spectrum may be affected by the strength of interaction coupling
over scales bigger that 10−2h Mpc−1, reducing its amplitude in relation to the vanilla model.
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1 Introduction
Our current view of the Universe is based on the large amounts of observational data coming
from the measurements of cosmic microwave background anisotropies (CMB) due to different
surveys, namely, the well known WMAP9 project [1] and the European satellite called Planck
[2], [3], [4]. The statistical analysis performed with the Planck’s polarization spectra for
higher multipole (` > 50) shows a good agreement with the best-fit ΛCDM cosmological
model [4], composed of a constant dark energy density plus cold dark matter. However, some
tensions could arise in the low multiples zone (` < 40), confirming previous results obtained by
WMAP9 team [1]. This analysis can be improved it by adding galaxy surveys such as 2dFGRS
[5], SDSS [6], 6dFGS [8], [9], [10], [11], [12] and VIPERS [13], which accounts for the large-scale
structure of the Universe. Thus, the exploration of many sample of galaxies, their clustering
properties, the growth rate of cosmic structures and the redshift-space distortion in clusters
gives us a complementary tool for getting a better cosmic constraint [14], [15], [16], [17], [18],
[19], [20], [21], [22]. In addition, we must include the analysis of baryon acoustic oscillation
(BAO) signal in the power spectra of galaxies [23], [24], [25], [26]. Another reliable source
of cosmic information concerns to the photometric distance measurements at high redshift of
type Ia supernovae [27], [28]; the multicolor light curves from these standard candles provided
the first successful evidence employed for showing that the Universe is currently accelerating
[29]. Nowadays, the supernovae surveys have increased the number of events trying to put
further constraints on the nature of dark energy through the estimation of its equation of
state [30], [31].
At this point, we can say that modern cosmology relies on the existence of two unknown
components; a pressure-less cosmic fluid responsible for clustering of galaxies (dark matter)
and a mysterious fluid with enough negative pressure for driving our Universe toward an
accelerating phase (dark energy). However, the evolution from an early era dominated by dark
matter era and its transition towards a dark energy dominance at late times is not completely
understood, mostly because such mechanism requires a full understanding of the physics
behind the dark sector. Some fundamental questions regarding the true nature of dark energy
remain elusive yet, as an example, one puzzle refers to the great disagreement between the
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theoretical value predicted for vacuum dark energy density and its observational bound [32].
Another pitfall of the concordance model is the so called coincidence problem, namely dark
energy does not vary and dark matter fades away as the Universe expands, so why the amount
of dark energy and the fraction of dark matter could exhibit the same order of magnitude at
present. In order to alleviate the coincidence problem, a novel mechanism proposes to include
some exchange of energy between dark energy and dark matter components [33], [34], [35],
[36]. The exchange of energy could lead to a distinctive evolution of the background equations
or perturbation equations [37], [38] leaving some imprints on the Universe. Some analysis use
the redshift-space distortion data for obtaining better constraints on the interaction coupling
[39]. As is expected the transfer of energy between dark matter and dark energy could also
affect the standard behavior of dark energy at the recombination epoch, in particular, it could
avoid dark energy amount fades away too quickly at early times [40]. Hence, the observational
data would detect such singular feature and therefore will put some stringent constraints on
the fraction of dark energy at early times [41], [42].
In this work we are going to use the so called parametrized post-Friedmann (PPF)
formalism [43], [44] for examining the linear perturbation of an interacting dark energy model
in the FRW background. The PPF approach relies on the strong assumption that dark
energy density perturbation must remain smaller than the dark matter perturbation [44].
This method introduces a new dynamical function called Γ along with its master equation;
thus the perturbation equations for dark energy density and its momentum turned to be
unified under this single function. In order to obtain a smooth interpolation between the
large scale and small scale limits, the curvature perturbations on super-horizon (in the co-
moving gauge) must be conserved at second order in the wave number whereas in the opposite
limit (quasi-static regime) the metric must fulfill a Poisson-like equation [44]. Besides, the
PPF formalism was used for examining the crossing of phantom divide line with multiple
scalar fields [45].
It was shown that the PPF method does not exhibit the usual large-scale instability at
early time when the exchange of energy in the dark sector is proportional to dark matter
density [46]. For the latter reason, we are going to apply the PPF procedure to the same kind
of interaction and examine two different scenarios. In our analysis we will include the case
of null momentum transfer potential [46] with an interaction vector parallel to dark matter
velocity, and we also will examine another case where the interaction vector is parallel to
dark energy velocity. In both cases, we will perform a global statistical analysis with different
observational data such as “JLA” sample of supernovae [31] and the growth rate of cosmic
structure [18], [19], [20]. We also will explore the impact of non-zero transfer momentum
potential by examining the changes introduced in the CMB power spectrum and the matter
power spectrum.
The structure of the paper is as follows. In Sec.II, we first summarize the covariant
linear perturbation theory [47], [48], indicating all changes introduced by taking into account
an explicit transfer of energy between dark matter and dark energy . In Sec. III, we illustrate
how the PPF approach works in a very general manner and study the background evolution
for a given interaction, determining the different choices in the momentum transfer potential.
In Sec. IV, we perform a MCMC statistical analysis for determining the best-fit value of the
cosmic parameters [49], [50] and compare them with the standard values reported by WMAP9
[1] and Planck missions [3]; we also explore the CMB power spectrum and the matter power
spectrum. Our aim is to determine how a model we non-zero momentum transfer potential
fares compared to the case without it, when including all available and revelant cosmological
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data. Finally, the conclusions are stated. In Appendix A, we summarize the data used and the
methodology for constraining cosmic parameters. In Appendix B, we exhibit the perturbed
equation of dark matter variables in synchronous gauge.
2 Background and perturbation equations
Let us assume an homogenous and isotropic Friedmann-Robertson-Walker spacetime for the
background metric
ds2 = a2(−dη2 + γijdxidxj) , (2.1)
where the conformal time is defined in terms of the cosmic time as dη = a−1dt. The
line element associated to the spatial metric can be given in terms of spherical coordinate,
γijdx
idxj = dD2+D2AdΩ, whereK stands for its constant curvature and the angular diameter
distance is defined as DA = K−1/2 sin(K1/2D). For instance, in the K → 0 limit, γij reduces
to the Euclidean one provided DA → D, describing in this way the flat spatial section of
FRW metric. The 0− 0 diagonal component of Einstein equation gives the usual Friedmann
constraint:
H2 +
K
a2
=
κ
3
(ρT + ρe) , (2.2)
where κ = 8piG. The balance equations for total matter (including dark matter) and effective
dark energy are given by
ρ′T = −3(ρT + pT ) +
Qc
H
,
ρ′x = −3(ρx + px) +
Qx
H
. (2.3)
At this point, we define Q¯x = Qx/H and balance equations imply Q¯x = −Q¯c. Since we
are interested in solving the system of equations (2.2)-(2.3) for determining the dynamic of
the universe at background level, we must give some information concerning the equation
of states which obey all kinds of species involved in Friedmann equation. For instance, we
assume pressure-less dark matter with an equation of state wc = 0 while effective dark energy
has a linear equation of state, thus, px = wxρx with wx < 0.
Let us begin by mentioning the physical guiding principles used for constructing the
PPF formalism in a consistent manner [43], [44]. Our point of departure is the well known
Einstein equations
Gµν = κ
∑
I
TµνI = κ(T
µν
T¯
+ Tµνe + T
µν
c ). (2.4)
Here I = {T¯ , c, e} and the subscript “T¯" stands for the total stress energy tensor excluding
dark matter,“e" indicates the effective dark energy component, while “c" refers to interacting
dark matter. Eq. (2.4) tells us the energy-momentum tensor for dark energy component
can be obtained as the difference between the geometry encoded in the Gµν-tensor and the
energy-momentum tensor of other components (baryons, photons, neutrinos, etc.):
Tµνe ≡
1
κ
Gµν − Tµν
T¯
− Tµνc . (2.5)
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Taking the covariant derivative at both sides of Eq. (2.5), using that ordinary matter fulfills
∇µTµνT¯ = 0, and the Bianchi identities, we obtain the following relation between effective
dark energy and dark matter
∇µTµνe +∇µTµνc =
1
κ
∇µGµν −∇µTµνT¯ = 0 , (2.6)
which is consistent with a phenomenological scenario where the effective dark energy is coupled
to dark matter. Consequently, we consider that the covariant form of the energy-momentum
transfer can then be written as
∇νTµνI = QνI ,
∑
I=e,c
QνI = 0 , (2.7)
where QνI is a four-vector that takes into account not only the exchange of energy in the
dark sector but also the transfer of momentum. Given the symmetries of FRW metric, the
energy-momentum tensor related to any kind of matter only involves the energy density and
the pressure, thus Tµν = diag[ −ρ, p, p, p ]. Our next step is to consider linear perturbations
of the FRW background, the Einstein equations, and balance equations as well. To tackle
such task, we must follow the standard procedure of splitting the linear perturbations into
three different modes: scalar, vector, and tensor. In doing so, we only pay attention to the
scalar mode of the perturbed Einstein equations, expanding the perturbed variables in terms
of the eigenfunctions of the Laplace operator [47], [48], thus we call Y ≡ Yk(x) = eik·x to
the k-th eigenfunction (plane-wave) of the Sturm-Liouville problem associated to Laplace
operator, ∇2Y = −k2Y . The first and second covariant derivatives of Y lead to the following
relationships, (i)-Yi = −k∇iY and (ii)- Yij =
(∇i∇j
k2
+
γij
3
)
Y . In the same manner, the
perturbed metric involves four functions called potential A, shift B, curvature HL, and shear
HT :
δg00 = −a2(2AY ) , δg0i = −a2BYi ,
δgij = a
2(2HLY γij + 2HTYij) . (2.8)
The perturbed energy-momentum tensor is
δT 00 = −δρ , δT i0 = −(ρ+ p)vY i ,
δT ij = δpY δ
i
j + pΠY
i
j . (2.9)
The right-hand side of Einstein field equations accounts for the total energy-momentum ten-
sor and the same holds for the perturbed Einstein field equations. Because of the additive
property of the total energy-momentum tensor, we can write the total density perturbation,
the total pressure perturbation, or total velocity perturbation in terms of the contribution
coming from each species
δρ =
∑
i
δρi , (ρ+ p)v =
∑
i
(ρi + pi)vi ,
δp =
∑
i
δpi , pΠ =
∑
i
piΠi .
(2.10)
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Using (2.5), (2.8), and (2.9), we obtain that the most general form of the Einstein
equations is
HL +
1
3
HT +
B
kH
− H
′
T
k2H
=
κ
2H2cKk2H
[
δρ+ 3(ρ+ p)
v −B
kH
]
,
A+HL +
HT
3
+
B′ + 2B
kH
−
[
H ′′T
k2H
+
(
3 +
H ′
H
)
H ′T
k2H
]
= − κ
H2k2H
pΠ ,
A−H ′L −
H ′T
3
− K
(aH)2
(
B
kH
− H
′
T
k2H
)
=
κ
2H2
(ρ+ p)
v −B
kH
,
A′ +
(
2 + 2
H ′
H
− k
2
H
3
)
A− kH
3
(B′ +B)−H ′′L −
(
2 +
H ′
H
)
H ′L =
κ
2H2
(δp+
1
3
δρ) . (2.11)
We define kH = (k/aH), cK = 1 − 3K/k2, and the prime refers to a logarithmic
derivative, thus ′ = d/d ln a. The perturbed balance equations for each specie take the form
of the continuity and Navier-Stokes equations
(ρi∆i)
′ + 3(ρi∆i + ∆pi)− (ρi + pi)(kHVi + 3H ′L) =
∆Qi − ξQi
H
,
[a4(ρi + pi)(Vi −B)]′
a4kH
−∆pi + 2
3
cKpiΠi − (ρi + pi)A = a
k
[Qi(V − VT ) + fi] . (2.12)
A general energy-momentum transfer can be split relative to the total four-velocity as
QνI = QIu
ν + F νI , QI = Q¯I + δQI , (2.13)
such that uνF νI = 0, where QI is the energy density transfer and F
ν
I is the momentum density
transfer rate relative to uν . Indeed, F νI = a
−1δjiF IY
i only has spatial component because this
momentum transfer potential must be vanish at background level. For scalar perturbations
(2.8), the four vector perturbed velocity is given by uµ I = a
( − 1 − AY ; (VI − B)Yi) or
uµI = a
−1(1−AY ;VIY i), implying the four vector interaction can be written as
Qµ I = a
(−QI(1 + Y A)− δQIY ; [FI +QI(V −B)]Yi) , (2.14)
where δQI and FI stand for the energy transfer perturbation and the intrinsic momentum
transfer potential of I-fluid, which fulfill the standard conservation constraints: (i)-
∑
I FI = 0,
(ii)-
∑
I δQIY = 0. We remark that in the interaction term only appears the index “c” because
dark matter interacts with dark energy while the other fluids remain uncoupled. As usual, we
choose the co-moving gauge VT = B, so N-S equation becomes a constraint which determines
one of the metric variables in terms of matter variables [43], [44]
A = −
a
k [Qc(V − VT ) + fc] + ∆pT − 23cKpTΠT
(ρT + pT )
. (2.15)
So far, we have worked with the Einstein (2.11) and balance (2.12) equations in a general
manner without making any assumption about the metric variables. Now, we will consider
a gauge transformation defined as an infinitesimal change of coordinates, namely (η, xi) 7→
(η˜ + T, x˜i + LY i). At first order in δxµ = (T, LY i), the perturbed metric transforms as
– 5 –
gµν(η, x
i) ' g˜µν(η, xi) + gανδxαµ + gαµδxαν − gµν ,λ δxλ, which means that the four metric
variables are given by
A = A˜− aH(T ′ + T ) , B = B˜ + aH(L′ + kHT )
HL = H˜L − aH(T + 1
3
kHL) , HT = H˜T + aHkHL . (2.16)
In addition, the density, pressure, velocity, and anisotropic pressure perturbations under this
gauge transformation can be expressed as
δρ = δ˜ρ− ρ′aHT , δp = δ˜p− p′aHT ,
v = v˜ + aHL′ , Π = Π˜ . (2.17)
Once the functions T and L are defined without any ambiguity, we can say that the gauge is
completely fixed. For obtaining a physical interpretation of the PPF method, we must employ
a mix of Newtonian and co-moving variables [44]. Let us start by mentioning how the co-
moving gauge is defined. In the co-moving gauge, we identify the shift metric variable with the
total velocity B = vT while we set the shear function equal to zero (HT = 0). Replacing the
latter condition into the transformation for shear variable (2.16) leads to L while T is obtained
from the transformation rule for B using that B = vT , namely, T =
(v˜T−B˜)
k and L = − H˜Tk .
One of the caveat of working with a mix of gauges is that variable names must be handle with
caution so the metric variables in com-moving gauge are named as ζ ≡ HL, ξ ≡ A, ρ∆ ≡ δρ
and ∆p ≡ δp, V ≡ v. On the other hand, the Newton or conformal gauge is defined by
fixing the shear and shift functions equals to zero (B = HT = 0). Inserting the previous
conditions into (2.16) yields T = − B˜k +
H˜′T
kkH
and L = − H˜Tk . In the Newtonian gauge we
define new variables Φ ≡ HL and Ψ ≡ A. It will be useful bear in mind the explicit link
between perturbed metric variables associated to the co-moving gauge and those belonging
to the Newtonian gauge:
ζ = Φ− VT
kH
, ξ = Ψ− V
′
T + VT
kH
. (2.18)
3 Interacting parametrized post-Friedmann method
We have illustrated the covariant linear perturbation theory applied to FRW metric, now we
are in position to deal with the IPPF prescription in the case of the effective dark energy
coupled to dark matter. A key point in the PPF approach is that curvature perturbations
in the co-moving gauge must remain almost constant on super-horizon scales(cf. [44]). Using
the definitions B = VT , HT = 0, ζ = HL, and ξ = A in the third Einstein equation (2.11),
we obtain
ζ ′ = ξ − K
(aH)2
VT
kH
− κ
2H2
[(ρe + pe)
Ve − VT
kH
].
(3.1)
The first field equation in the co-moving gauge reads
ζ +
VT
3
=
κa2
2cKk2
[∆TρT + ∆eρe + (ρe + pe)
Ve − VT
kH
] ,
(3.2)
– 6 –
whereas the second field equation takes the next form
ζ + ξ +
VT + 2V
′
T
kH
= −κa
2
k2
[peΠe + pTΠT ] . (3.3)
Following the seminal article of Hu [44], we use that the effective dark energy contribution
in the large scale limit (kH → 0) can be accommodated in terms of a single function called
fζ(a)
lim
kH1
κ
2H2
(ρe + pe)
Ve − VT
kH
= −1
3
cKfζ(a)kHVT , (3.4)
while the derivative of curvature perturbation is slightly modified because the metric variable
ξ has changed (2.15)
lim
kH1
ζ ′ = ξ − K
k2
kHVT +
1
3
cKfζkHVT , (3.5)
provided the contribution of total matter velocity is of order kHζ for adiabatic fluctuations.
Taking into account the third Einstein equation (3.1) and the above condition (3.4), we find
behavior of the first derivative of curvature metric variable
lim
kH1
ζ ′ = −
a
k [Qc(V − VT ) + fc] + ∆pT − 23cKpTΠT
(ρT + pT )
− K
k2
kHVT +
1
3
cKfζkHVT , (3.6)
where we used the definition of ξ (2.15) and (Ha)2 = k2/k2H for amending the second term
related to K. Using VT = O(kHζ) in Eq. (3.6), we notice that the derivative of ζ keeps
relatively small provided kHVT = O(k2Hζ).
Our second requisite refers to the behavior of the Newtonian potential variable in the
kH  1 quasistatic limit, thus we demand that the potential must fulfill
lim
kH1
Φ− =
κa2
2k2cK
∆TρT + cKpTΠT
1 + fG(a)
. (3.7)
Here, the function fG encodes a modification of Newtonian potential while Φ− ≡ (Φ−Ψ)/2.
In order to conciliate quasi-static limit with large-scale regime we need to incorporate a new
function Γ in such way that satisfies a Poisson-like equation in Fourier space
Φ− + Γ =
κa2
2cKk2
[∆TρT + cKpTΠT ]. (3.8)
Combining the modified Poisson equation (3.8) for the Newtonian metric perturbations and
2Φ− = (ζ − ξ)− k−1H V ′T , we obtain a formal expression for the effective dark energy:
ρe∆e + 3(ρe + pe)
Ve − VT
kH
+ cKpeΠe = −2k
2cK
κa2
Γ . (3.9)
We define the function g = Φ+/Φ− = (Φ + Ψ)/(Φ−Ψ) to describe deviations from GR, zero
deviation means g = 0, thus, alternative gravity theories can be examined with the help of
two metric variables Φ and Ψ. It can be useful to bearing in mind the following expressions
(i)- Φ = (g + 1)Φ− and (ii)- Ψ = (g − 1)Φ− for later convenience. From (3.3), we obtain an
explicit constraint between potential perturbations and the anisotropic pressure fluctuation
for total matter
Φ+ = −κa
2
2k2
[peΠe]− κa
2
2k2
[pTΠT ]. (3.10)
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which leads to the anisotropic pressure fluctuation for dark energy κa
2
2k2
peΠe = −g(ln a, k)Φ−.
Bearing in mind that the Γ function has been introduced for interpolating the large scale
regime with the quasi-static phase, then the modified Poisson equation (3.8) must agree in
the small-scale limit with Eq. (3.7), namely, limkH1 Γ = fGΦ−. It is possible to conciliate
both limits if the equation of motion for Γ can be written as follows
(1 + c2Γk
2
H)[Γ
′ + Γ + c2Γk
2
H(Γ− fGΦ−)] = S . (3.11)
Here cΓ corresponds to a new parameter which determines transition scale in terms of the
Hubble factor; thus the transition between the large and small scale are obtained by demand-
ing the condition cΓk = H. Note that at a → 0, Γ vanishes because the source vanishes.
If one takes g = 0 and ΠT = 0 the source term defined as S = Γ′ + Γ is simplified in the
large-scale limit
S =
κa2
2k2
( 3a
kcK
[Qc(V − VT ) + Fc] + 1
HcK
[∆Qc − ξQc] + VTkH [−fζ(ρT + pT ) + (ρe + pe)]
)
.
(3.12)
From the seminal work [44], the effective dark energy momentum density is given
κa2Ve(ρe + pe) = −2a2Hkg + 1
F (a)
(
[S0 − Γ− Γ′] + κa
2
2k2
fζ(ρT + pT )VTkH
)
+ κa2VT (ρe + pe) ,
(3.13)
where the term S0 stands for the source expression obtained in the large scale limit (kH → 0)
and F (a) = 1 + 3(g + 1) κa
2
2k2cK
(ρT + pT ). Notice that the dark energy pressure fluctuation,
∆pe, can be derived from the Navier-Stokes equation as
[a4(ρe + pe)(Ve − VT )]′
a4kH
= ∆pe − 2
3
cKpeΠe + (ρe + pe)ξ . (3.14)
In brief, one should mention that within the PPF framework density perturbation correspond-
ing to dark energy ρe∆e and its perturbed momentum, Ve, are both derived quantities. This
is the key point why the method is useful for avoiding large-scale instabilities in the dark
sector; we are not forcing a relationship between ∆pe and ρe∆e for closing the system of
equations.
Now we must explore the background dynamic and assess the physical consequences
coming from the IPPF method. We start by considering an interaction four-vector Qµx =
HQ¯xu
µ
c withQµx||uµc as our first case [46]. Here we take Q¯x = −3ξcρc and identifyQx ≡ aQ0x =
HQ¯x as the interaction for the background. Using the energy conservation, Q
µ
c = HQ¯cu
µ
c can
be written in a covariant manner with the help of the definition of local energy density for
dark matter, namely Tµν cuνc = −ρcuµc . The general form of an interaction vector under linear
perturbation is [47]
Qµ I = a
(−QI(1 + Y A)− δQIY ; [FI +QI(V −B)]Yi) , (3.15)
where δQI and FI stand for the perturbed energy transfer and the momentum transfer po-
tential of I-fluid. Taking into account uµ I = a
(− 1−AY ; (VI −B)Yi) the interaction can be
recast as Qµ x = aQ¯xH
(−1−AY ; (Vc−B)Yi), where the spatial part of the interaction vector
– 8 –
appears Vc because we have chosen Q
µ
x||uµc from the beginning. The perturbed interaction
can then be written as
Qµ xaH(Q¯x + δQ¯x)
(− 1−AY ; (Vc −B)Yi) ≡ aH(− (1 +AY )Q¯x − δQ¯x; Q¯x(Vc −B)Yi) .
(3.16)
Comparing with the general case (3.15), we obtain δQx = δQxY which does not give any new
information but its spatial part leads to Fx = Qx(Vc−V ) = −Fc with δQx = HδQ¯x = −δQc.
We assume that ξcH could be related with interaction rate that varies only with time; so a
characteristic scale could be given by τ−1c = ξcH in the decay of dark matter into dark energy.
We also neglect space-like variation δH. If Vc = V then Fx = 0.
Our second case corresponds to the choice Qµx = HQ¯xu
µ
x such that Qµx||uµx with Qx ≡
aQ0x = −3Hξcρc. Following the same steps, we write the interaction vector
Qµ x = a
(− (1 +AY )Qx − δQx;Qx(Vx −B)Yi) ≡ a(−Qx(1 + Y A)− δQxY ; [Fx +Qx(V −B)]Yi) .
(3.17)
The only change is introduced by the momentum transfer potential, thus, comparing the
spatial components in (3.17), we find Fx = Qx(Vx − V ) = −Fc. The previous case was not
analyzed in [46].
As a closing remark, the background equations for the interacting dark sector are ob-
tained by solving their balance equations or employing another method developed in [38]:
ρx = ρx0a
−3(1+wx) +
ξc
wc − wx − ξc ρc0a
−3(1+wc−ξc)
ρc = ρc0a
−3(1+wc−ξc). (3.18)
For wc = 0 and wx = −1, in the limit of vanishing coupling, we recover the vanilla model.
This means that our model is not able to mitigate the coincidence problem provided the
inverse of ratio ρc/ρx leads to
r0
r
= a−3(ξc+wx−wc) +
ξc
−wx − ξc , (3.19)
where r0 refers to its value today. For ξc > wx, (3.19) reaches a positive constant value in the
small scale factor limit while for large scale factor the ratio ρc/ρx asymptotically vanishes,
which is an obstacle for avoiding the coincidence problem and we will not address such issue
here.
4 Observational constraints
We perform a statistical estimation of the cosmic parameters by using the Markov Chain
Monte-Carlo method with help of public code CosmoMC [50]. In doing so, we modify the
PPF patch developed in [45] by including an interaction between dark matter and effective
dark energy within the PPF formalism [46]. Firstly, we summarize the sort of data used
for the parameter estimation. We will take into account the “JLA compilation” composed of
740 supernovae because it is the largest data set available which contains samples from low
redshift z = 0.02 to large one, near z ' 1, spanning an excellent cosmic window for examining
the evolution of the universe. Such data were obtained from the joint analysis of SDSS II
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and SNLS [31], improving the analysis by means of a recalibration of light curve fitter SALT2
and in turn reducing possible systematic errors. We include the multipole measurements
obtained by WMAP9 team [1] along with the recent data released by Planck satellite [2], [3],
[4] which extends the previous one by incorporating low multipole measurements. Indeed,
WMAP9 project involved the measurements of Atacama Cosmology Telescope (ACT) at high
multipoles, ` ∈ [500, 10000], along with the South Pole Telescope (SPT) observations which
reported data over the range ` ∈ [600, 3000]. Planck survey performed measurements over
a complementary zone, ` ∈ [2, 2500]; being the main source of error at ` < 1500 the cosmic
variance. Besides, the acoustic peak scale related with the two-point correlation function
of galaxies can be used as a cosmic ruler by measuring the distance to objects at a given
redshift in terms of the co-moving sound horizon at recombination, therefore, the reported
value of the distance ratio dz = rs(zd)/DV (z) with its error at different redshifts can be
considered as another useful constraint. For instance, the 6dFGS mission informed the value
of dz(0.106) [9], SDSS-DR7 measured dz(0.35) [10], SDSS-DR9 exploration led to dz(0.57) [11],
and diverse measurements from the Wiggle Z dark energy survey reported dz(0.44), dz(0.60),
and dz(0.73), respectively [12]. In this same context, it has been designed a complementary
tool for testing dark energy based on the redshift space distortion (RSD) technique [14], [15].
The measurements of the quantity f(z)σ8(z) at different redshifts unifies the cosmic growth
rate f and the matter power spectrum σ8 normalized with the co-moving scale 8h−1 Mpc, in a
single quantity which includes the latest results of galaxy surveys such as 6dFGS, BOSS, LRG,
Wiggle Z, and VIPERS [see Table (1)]. The f(z)σ8(z) test has been used for constraining
several cosmological models [17], [18], [19], [20]. We explore a parameter space given by
P = {Ωbh2,Ωch2, 100θMC,ns, ln(1010As), τ, wx, ξc, cΓ}, (4.1)
where Ωbh2 refers to the fraction of baryon in units of h, Ωch2 is the amount of cold dark
matter also in units of h, θ is an approximation to rs/DA, ns is scalar spectral index, ln(1010As)
accounts for amplitude of scalar spectrum, τ stands for the reionization optical depth, wx
refers to dark energy equation of state, ξc indicates the coupling strength, and cΓ is PPF
parameter related with a transition scale. We took as prior for the previous parameters
the following intervals: Ωbh2 ∈ [0.005, 0.1], Ωch2 ∈ [0.001, 0.99], 100θMC ∈ [0.5, 10.0], ns ∈
[0.5, 1.5], ln(1010As) ∈ [2.4, 4], τ ∈ [0.01, 0.8], wx ∈ [−1.5, 0], ξc ∈ [−1, 0], and cΓ ∈ [0, 1].
Notice that the fraction of dark energy (Ωx), the amount of dark matter, Ωm, and the age of
the universe are all derived parameters. We will consider all data sets as independent ones
so the total distribution is given by
χ2total = χ
2
SNe + χ
2
BAO + χ
2
RSD + χ
2
CMB + χ
2
HST. (4.2)
Let us start by comparing our results with the ones reported by Y.H. Li et al. [46]
when the momentum transfer potential vanishes (see Fig. (1)). It is important to remark
that our observational constraint can be considered as a complementary analysis provided
we have included largest compilation of supernovae events (JLA sample), taken into account
the observation of Wiggle Z dark energy survey for BAO measurements along with the RSD
measurements, improving in this way the quality of the cosmic constraint. Table (3 ) tells us
the interaction coupling is ξc = 0.00140+0.00079−0.00080 at 1σ level, which shows a relative difference
around 0.022% with the estimation found in [46]. Regarding the dark energy equation of
state, we have found a lower value for its magnitude, corresponding to a relative difference
not bigger than 0.004% in relation to the value mentioned in [46], indeed, a similar kind of
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z fσ8(z) Survey Reference
0.067 0.42± 0.06 6dFGRS (2012) [8]
0.17 0.51± 0.06 2dFGRS (2004) [5]
0.22 0.42± 0.07 WiggleZ (2011) [12]
0.25 0.39± 0.05 SDSS LRG (2011) [15]
0.37 0.43± 0.04 SDSS LRG (2011) [15]
0.41 0.45± 0.04 WiggleZ (2011) [12]
0.57 0.43± 0.03 BOSS CMASS (2012) [6]
0.60 0.43± 0.04 WiggleZ (2011) [12]
0.78 0.38± 0.04 WiggleZ (2011) [12]
0.80 0.47± 0.08 VIPERS (2013) [13]
Table 1. Compilation of fσ8(z) data points obtained from several galaxy surveys using RSD method.
Some of data points were considered in [15], [16]. The value of fσ8(z) at z = 0.8 was reported by the
VIPERS survey [13].
Data Magnitude
CMB WMAP9+Planck: CTT , CTE , CEE , CBB
SNeIa JLA: µ(z)
BAO DR9-DR7-6dFGS: dz = rs(zd)/DV (z)
HST Hubble: H0
RSD Growth data: f(z)σ8(z)
Table 2. List of data sets used in the likelihood analysis with MCMC method.
effect is propagated to other parameters such the amount of dark energy and dark matter. In
addition, we would like to emphasize that the MCMC statistical analysis favors a dark energy
equation of state in the phantom zone (wx < −1), implying the amount of dark energy will
continue to growing for large scale factor while the dark matter fraction will fade away together
with the other components [see Eq. (3.18)]. One of the main issue of the PPF formalism is
how to determine the transition-scale parameter cΓ. We take cΓ a free model parameter and it
turned out to be that its posterior probability distribution (see Fig. (1)) does not exhibit any
well defined peak, only a flat shape, indicating that any value between zero and the unity are
physically admissible. For the latter reason, we will fix at cΓ ' 0.49 for the non-zero transfer
of momentum case. The combined analysis of Planck + WP + JLA + BAO + HST + RSD
data leads to ξc = 0.00136+0.00080−0.00073 at 1σ level [see Table (4) and Fig. (2)], showing a good
agreement with previous estimation [46]. As we expected in both cases, the interaction
coupling is small because the concordance model is recovered within our framework by taking
wx = −1, wc = 0, and ξc = 0, so we do not departure much from it; the joint analysis of
Planck + WP + JLA + BAO + HST + RSD data ruled out large interaction coupling, ξc. The
main impact of transfer of momentum is to reduce the interaction coupling in the dark sector,
giving arise a relative difference around 0.025%. Further, similar effects can be observed in
the fraction of dark matter and dark energy also (see Fig. (2)). Having said this, we must
compare our estimation with previous results in literature by taking into account the effect
introduced by IPPF formalism in the observational data as well. For instance, the relative
difference for dark energy fraction between our first case and the WMAP9 result alone [1],
ΩΛ = 0.721 ± 0.025, is very small, 0.008% only. Comparing with the combined analysis
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Parameters Mean with errors Best fit
Ωbh
2 0.02253178+0.00033787−0.00034093 0.02255553
Ωch
2 0.12047535+0.00222956−0.00221724 0.11916320
100θMC 1.04136416
+0.00057296
−0.00057710 1.04114800
τ 0.07983820+0.01148588−0.01290776 0.07798691
wx −1.22272129+0.07501853−0.07467723 −1.16388500
ξc 0.00140088
+0.00079890
−0.00080122 0.00092117
cΓ −−−− −−−−
ln(1010As) 3.05966284
+0.02220724
−0.02262323 3.05628700
ns 0.96337319
+0.00586441
−0.00592465 0.96472830
H0 72.56925013
+1.31515397
−1.31569714 71.95068000
ΩΛ 0.72695703
+0.01069503
−0.01068753 0.72500170
Ωm 0.27304297
+0.01068753
−0.01069485 0.27499830
Age/Gyr 13.78446815+0.05272355−0.05300623 13.76048000
Table 3. Constraints on the cosmological parameters using the joint statistic of
JLA+Planck+WP+RSD+BAO+HST data in the zero momentum transfer potential case, thus
QµA||uµc .
of Planck + WP, we obtain a bigger relative difference, 0.061%. Concerning dark matter
amount, the most crucial difference is obtained with WMAP9 data alone [1], almost 0.17%,
meanwhile, the relative difference with the JLA data alone is not bigger than 0.055% [31].
After having examined the statistical outcome given by the MCMC method, we are in
position to explore the impact of the interaction coupling in the CMB power spectrum and
matter power spectrum. From Figs. (3-4), we observe that our best fit cosmology does not
deviate considerably from the vanilla model. However, increasing the interaction strength
leads to an increment in the first peak’s height. A useful quantity to characterize the position
of the CMB power spectrum first peak is the shift parameter R =
√
Ωm
∫ zrec
0 H
−1(z)dz. Then,
reducing the coupling parameter ξc leads to an augment of dark matter fraction at early time
so there must be a shift in the first peak provided R ∝ √Ωm. In another way, Fig. (3) tells
us that the position of the first peak corresponds to `1peak ' 221 which is consistent with
WMAP9 result, `1peak = 220.1±0.8 [1]. On the lowest multipoles (` < 10) the power spectrum
is also affected by the strength of coupling because its amplitude decreases in relation with
the concordance model. For higher multipoles (` > 103) our model can be discriminated from
it because the power spectrum amplitude increases as can be noticed in the second peak’s
height. We assess the relative difference between our models for different values of ξc and the
vanilla one by taking into account ∆CTTl /C
TT
l . This quantity measures a small deviation
which is not bigger than 0.2% . Our best-fit cosmology with ξc = 0.0014 deviates in a 0.05%
from the standard model within the range ` ≤ 600 and it reaches about 0.1% at ` ' 1200
but it does not become bigger than 0.2% (in module) for higher multipoles. Besides, we
have compute the matter power spectrum within the IPPF method for several values of the
interaction coupling in order to compare our set-up with the vanilla model [see Figs. (5)-(6)].
For scales k > 10−2h Mpc−1, an increment of interaction coupling implies the matter power
spectrum exhibits a lower amplitude in relation to the vanilla model.
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Parameters Mean with errors Best fit
Ωbh
2 0.02252361+0.00033315−0.00032982 0.02249296
Ωch
2 0.12046346+0.00230013−0.00227203 0.12020980
100θMC 1.04136777
+0.00057824
−0.00057473 1.04126800
τ 0.07930583+0.01174373−0.01177567 0.07526672
wx −1.22222557+0.07490911−0.07549658 −1.23337100
ξc 0.00136585
+0.00080604
−0.00079529 0.00152430
ln(1010As) 3.05895257
+0.02221646
−0.02227143 3.04931400
ns 0.96324014
+0.00579488
−0.00581391 0.96646290
H0 72.59170280
+1.34184153
−1.34867459 72.87842000
ΩΛ 0.72715554
+0.01098111
−0.01102359 0.73010580
Ωm 0.27284446
+0.01102376
−0.01097975 0.26989420
Age/Gyr 13.78213201+0.05338059−0.05303086 13.79356000
Table 4. Constraints on the cosmological parameters using the joint statistic of
JLA+Planck+WP+RSD+BAO+HST data for the non-vanishing momentum transfer potential case,
QµA||uµx.
5 Summary
We have applied the PPF formalism within the interacting dark sector framework by taking
into account an interaction proportional to dark matter density [43], [44]. We have extended
previous results by considering non-vanishing momentum transfer potential, recovered similar
results for the zero momentum transfer potential case [46], an compared both cases with the
vanilla model. We have implemented a MCMC method using a modified version of CosmoMC
package [49], [50] including the PPF patch [45] for determining observational bounds on the
cosmic parameters [see Figs. (1)-(2)]. In doing so, we have improved the quality of cosmologi-
cal constraint by employing largest compilation of supernovae events (JLA sample) and adding
the observation of Wiggle Z dark energy survey for BAO measurements along with the RSD
measurements [see Table (3)-(4)]. When the momentum transfer potential vanishes, the cou-
pling parameter is ξc = 0.00140+0.00079−0.00080 at 1σ level, showing a difference no bigger than 0.022%
with the estimation reported by other authors [46]. In the non-vanishing momentum trans-
fer potential case, the joint statistical analysis of Planck + WP + JLA + BAO + HST + RSD
data gives ξc = 0.00136+0.00080−0.00073 at 1σ level [see Table (4) and Fig. (2)], and therefore the
transfer of momentum helped to reduce the coupling parameter. In both cases, the com-
bined Planck + WP + JLA + BAO + HST + RSD data ruled out large coupling parameter.
Besides, we found that the posterior probability distribution for the transition-scale parameter
is mostly flat (see Fig. (1)).
We have compared our statistical analysis with the outcome of different data sets. For
instance, the joint analysis of Planck + WP + JLA + BAO + HST + RSD data leads to a dark
energy amount which differs in 0.008% with respect to the result reported by WMAP9 alone
[1]. In the case of dark matter fraction, the main difference concerns to the WMAP9 data
alone [1], nearly 0.17%. It is important to emphasize that aforesaid disagreement are relieved
once WMAP9 data are combined with BAO measurements and other probes.
A useful manner to explore the impact of PPF formalism is looking at the shape and the
position of peaks in the CMB power spectrum. We found there is a correlation between the the
first peak’s height and the value taken by coupling parameter ξc. The amplitude of this peak is
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slightly amplified when ξc reaches higher values within the range [0, 0.009] [see Fig. (3)]. The
position of this peak is also altered because it depends on the amount of dark matter, which
increases at early times. As can be noticed from Fig. (4), the amplitude of all peaks is altered
in relation with the vanilla model. In fact, we use ∆CTTl /C
TT
l as an estimator for evaluating
the contrast between the vanilla model and our best-fit cosmology, roughly speaking, such
deviations are kept below 0.2% i n the full range of multipoles. As it can be seen from Figs.
(5)-(6) the matter power spectrum shows a difference between the vanilla model and the
interacting cosmological model with zero or non-zero transfer momentum potential which is
evident in the non-linear zone (k > 10−2h Mpc−1) of P (k) where its amplitude is reduced by
increasing the interaction coupling ξc.
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A Cosmic constraint
Our methodology is to employ a modified version of CosmoMC package [50] for implementing
a Markov chain Monte-Carlo analysis of the parameter space, in the PPF formalism with
an exchange of energy-momentum between dark matter and dark energy, using CMB data
from WMAP9 [1] plus Planck [3], JLA compilation of SNe Ia [31], distance measurements for
BAO [9], [10], [11], [12], and redshift space distortion through the quantity f(z)σ8(z) [18],
[19] (see Table (2)). We adopt the χ2 distribution for constraining the parameters, which can
be written in terms of the likelihood function as −2 lnL. For the JLA compilation of SNe Ia,
the probability distribution is written as
χ2SNe = [m
obs −mth]TC−1SNe[mobs −mth]. (A.1)
Here C corresponds to a large covariance matrix given in [31]. The distance modulus is
mth = 5log10[dL(z)/10pc], dL being the distance by luminosity. These photometric events of
supernovae take into account two main effects, the time stretching of light curves encoded in
the parameter X and the supernovae color at the maximum brightness dubbed C:
mth = m? −M + αX − βC, (A.2)
where m? stands for the peak-light measured in the rest-frame B-band for each event while
α, β, and M are taken as nuisance parameters, respectively.
For BAO distance measurement (standard ruler), we have that the distribution can be
constructed as
χ2BAO = [y
obs − yth]TC−1BAO[yobs − yth], (A.3)
where yobs is the data vector, yth contains the theoretical formulas, and C−1BAO stands for
the inverse covariance matrix for the data vector [3]. Specifically speaking, the components
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of data vector are given by DV(0.106) = (457 ± 27)Mpc, rs/DV(0.20) = 0.1905 ± 0.0061,
rs/DV(0.35) = 0.1097± 0.0036, A(0.44) = 0.474± 0.034, A(0.60) = 0.442± 0.020, A(0.73) =
0.424±0.021, DV(0.35)/rs = 8.88±0.17, and DV(0.57)/rs = 13.67±0.22; DV is the effective
volume distance while A is the acoustic parameter; the definition of the aforesaid functions
can be found in [3].
The growth data involve the linear perturbation growth factor δm in terms of the function
f = dln δm/dln a along with the r.m.s density contrast within an 8Mpc h−1 volume related
with the matter power spectrum. Using the redshift space distortion, the quantity f(z)σ8(z)
can be measured [18] and therefore can be used as a stringent statistical estimator:
χ2RSD =
∑
i
[fσth8 (zi)− fσobs8 (zi)]2
σ2i
. (A.4)
The inclusion of RSD measurement through growth data implies to add a new module to
CosmoMc package. Besides, the different contributions to the likelihood function due to the
CMB data [3], mentioned at the beginning of this section, are included in the next estimator
χ2CMB =
∑
(`,`′)
[Cdata` − Cth` ]M−1``′ [Cdata`′ − Cth`′ ], (A.5)
where `min ≤ `, ` ≤ `max andM``′ stands for the covariance matrix [3]. We consider a Gaussian
prior for the current Hubble constant given by [51].
We apply the Gelman-Rubin convergence criterion, R − 1 < 0.01, for evaluating the
reliability of Monte Carlo process in order to assure that the mean estimator in each chain
is small compared to the standard deviation for the eight ran chains, implying the accuracy
on the confidence intervals [50]. The whole process was performed in the Computing Cluster
for Cosmos (CCC). One of the main difference, but not the only one, with a previous work
[46], is the data selected for performed the cosmic constraint; we deal with the largest JLA
compilation of supernovae and the latest measurements of the quantity f(z)σ8(z), while the
other probes corresponding to the CMB power spectrum with WMAP9-Planck data and BAO
distance measurements are similar.
B Dark matter perturbations
For a generic I-fluid component, the standard perturbed equations for the contrast density
and velocity variables [39] are given by
δ˙I + 3H(c2sI − wI)δI + 9H2(1 + wI)(c2sI − c2aI)
θI
k2
+ (1 + wI)θI − 3(1 + wI)ψ′ + (1 + wI)k2(B − E′)
=
a
ρI
(−QIδI + δQI) + aQI
ρI
[
φ+ 3H(c2sI − c2aI)
θI
k2
]
,
θ˙I +H(1− 3c2sI)θI −
c2sI
(1 + wI)
k2δI − k2φ
=
a
(1 + wI)ρI
[(QIθ − k2fI)− (1 + c2sI)QIθI ] , (B.1)
where the overdot refers to conformal time derivative, the density contrast is defined as
δI = δρI/ρI , and the anisotropic stress contribution is neglected, piI = 0. Above, c2aI stands
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for the adiabatic sound speed defined as c2aI = p˙I/ρ˙I = wI+w˙I/(ρ˙I/ρI), while c
2
sI is the I-fluid
physical sound speed in the rest frame, namely c2sI = (δpI/δρI)rest frame. The synchronous
gauge corresponds to φ = B = 0, ψ = η, and k2E = −h/2− 3η. In the case of dark matter,
we use wc = c2sc = c2ac = 0. Then, the perturbations of dark matter variables lead to
δ˙c + θc +
h˙
2
=
a
ρc
[δQc − δcQc] ,
θ˙c + θcH = a
ρc
[Qc(θ − θc)− k2Fc] . (B.2)
In the case I, we have Fc = Qc(Vc − V ) or −k2Fc = Qc(θc − θ), Qc = 3Hξcρc, and
δQc = 3Hξcδρc. Using the latter expressions, we find that [Qc(θ − θc) − k2Fc] = 0 and
a[δQc − δcQc] = 3Hξc[δc − δc]ρc = 0, and therefore the master equations are given by
δ˙c + θc +
h˙
2
= 0 ,
θ˙c + θcH = 0 . (B.3)
We recovered the case studied by Yue et al. previously [46].
In the case II, we have Fc = Qc(Vx − V ) or −k2Fc = Qc(θx − θ), Qc = 3Hξcρc, and
δQc = 3Hξcδρc. Using the latter expressions, we find that [Qc(θ− θc)− k2Fc] = [Qc(θx− θc)]
and a[δQc − δcQc] = 0, and therefore the master equations are given by
δ˙c + θc +
h˙
2
= 0 ,
θ˙c + θcH = 3Hξc(θx − θc) . (B.4)
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Figure 1. Joint two-dimensional marginalized constraints on parameter space along with 1D marginalized distri-
bution on each parameter. These contours combine JLA+Planck+WP+RSD+BAO+HST data, considering that the
momentum transfer potential is zero (QµA||uµc ) .
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Figure 2. Joint two-dimensional marginalized constraints on parameter space along with 1D marginalized distri-
bution on each parameter. These contours combine JLA+Planck+WP+RSD+BAO+HST data, considering that the
momentum transfer potential is non-zero (QµA||uµx) .
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Figure 3. Power spectrum CTTl versus multipole for different values of interaction coupling, ξc,
when QµA||uµc .
– 21 –
101 102 103
1000
2000
3000
4000
5000
6000
l
l(
l+
1)
 C
T
T l
 
/ 
(2
pi
)[
µ 
K
2 ]
 
 
ξ
c
=0
ξ
c
=0.00136
ξ
c
=0.004
ξ
c
=0.006
0.009
Qµ
A
||uµ
x
Figure 4. Power spectrum CTTl versus multipole for different values of interaction coupling, ξc,
when QµA||uµx.
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Figure 5. Matter power spectrum for QµA||uµc .
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Figure 6. Matter power spectrum for QµA||uµx .
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